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1 Introduction

There is a conventiona wisdom that holding excess capacity plays an essentid role as a
drategic device in the pure oligopoly market (see, for example, Dixit, 1980; Brander and
Spencer, 1983; Horiba and Tsutsui, 2000). However, in many advanced countries private firms
compete in the product market not only with other private firms but dso with public firms (mixed
markets). As public firms maximize socid welfare while private firms maximize profits, the result
obtained in a mixed oligopoly could differ from that obtained in a pure oligopoly. This last
question has been andlyzed by the literature on public firms.

Assuming a mixed market in which firms produce ahomogeneous good and compete in
quantities, Wen and Sasski (2001) and Nishimori and Ogawa (2004) show that the public firm
drategically chooses under-capacity while the private firm chooses excess capacity. Therefore,
they show tha the capacity decison of the public firm is different than that of the private firms.
Ogawa (2006) extends the andys's assuming heterogeneous products. He shows thet the public
firm chooses over-capacity when products are complements and under-capacity when products
are subgtitutes. Findly, Bércena- Ruiz and Garzon (2007) show that the type of competitionin the
product market affects firms capacity decisons. They show that when firms compete in prices it
is obtained the opposite result the result than Ogawa (2006).

In the above cited papers it is assumed that firms take decisons smultaneoudy. However, as
Pd (1998) points out, a sequentiad order of moves may give rise to sgnificantly different results
from those obtained in a Smultaneous game In this regard, Lu and Poddar (2005) andyze the

' The literature on industrial organization has analyzed whether firms decide quantities (prices) sequential or
simultaneously assuming private firms (see, for example, Ga-Or, 1985; Dowrick, 1986; Hamilton and Slutsky,
1990). This analysis has been extended to consider a mixed oligopoly. In this regard, Pal (1998) shows that
when firms in a mixed oligopoly produce a homogeneous good they take production decisions sequentialy,
while in a private oligopoly firms decide quantities simultaneously. Béarcena-Ruiz (2007) shows that in amixed
duopoly for differentiated goods firms choose prices simultaneously while in a private duopoly firms decide

prices sequentially.



strategic choice of cgpacity in a sequential game assuming a mixed duopoly. They consider that
firms produce a homogeneous good and choose their capacity levd ether sequentid or
smultaneoudy and then decide quantities either sequentia or Smultaneoudy. They show that, the

public firm never chooses excess capacity, while the private firm never chooses under-capacity.

Lu and Poddar (2005) assume that the order of moves in which firms take decisons is
exogenoudy given and, thus, firms do not decide whether decisons are taken sequentia or
smultaneoudy. We extend their analysis by assuming that the order of moves is endogenoudy
determined by firms and that firms compete in prices. In order to carry out this andyss we
consder a mixed duopoly in which firms produce a differentiated product with the same
technology. We propose a four stage game with the following timing. In the first stage firms
decide whether to choose their capacities smultaneoudy or sequentidly. In the second stage,
firms choose their capacities. In the third stage, firms decide whether to set prices Smultaneoudy
or sequentidly. Findly, in the fourth stage firms decide prices.

We show that, for a given capacity leve, both firms want to behave as leaders in prices since
the greatest profit of the private firm and the grestest socid welfare are obtained in this case®
Thus, both firms set prices Imultaneoudy. This means that there are three rdevant cases to be
anayzed. In the firg case, capacity decisions are taken smultaneoudy and it is obtained that the
public (private) firm chooses over (under) capacity.® In the second case, the public firm decides
its capacity before the private firm, obtaining that the public firm chooses over-capacity if and
only if products are low substitutes and the private firm chooses under- capacity. Therefore, when
the public firm is the leader in capacities the result depends on the degree in which goods are
subgtitutes. Findly, in the third case, the private firm decides its capacity before the public firm

and it is obtained that both firms choose over-capacity. These results are in contrast to those

21t can be shown that the same result is obtained if firms compete in quantities with substitute products.
When products are complements both the public firm and the private firm never choose under-capacity.

% It has to take to be noted that the objective of a public firm is to maximize social welfare while that of a
private firmisto maximize its own profit.

* This result is shown by Bércena-Ruiz and Garzon (2007).



obtained by Lu and Poddar (2005) under quantity competition Unlike Lu and Poddar (2005),
we obtain that under price competition the private firm can choose under capacity and that the

public firm can choose over capacity.

It remains to andyze whether firms prefer to teke capacity decisons sequentia or
amultaneoudy. Solving the whole game we obtain that capacities are decided sequentidly.
Therefore, there are two equilibria: in one of them the public firm is the leeder in capacitiesand, in
the other, the follower. However, socid welfare is greater in the second equilibrium than in the
firg one. Therefore, the public firm prefers to be the follower in capacities. But, the private firm
wants © be the leader only if products are high subgtitutes; for the remaining cases, the private
firm prefers to be the follower. We obtain that, when products are low subgtitutes, the
government can give the private firm a payment great enough to achieve that this firm become
leader in capacities. This means that both the private firm and the public firm are better in the
equilibrium in which the private firm is leader in capacities.

The rest of the paper is organized as follows. Section 2 presents the mode. Section 3 studies
whether firms choose their prices smultaneoudy or sequentiadly and whether firms choose their
capacities Imultaneoudy or sequentidly. Conclusions are drawn in Section 4.

2 The modd

We consder a mixed duopoly market comprised by one private firm and one public firm,
denoted by 1 and 2. The two firms produce a heterogeneous good. There is a continuum of

consumers of the same type. The representative consumer maximizes U(q,, 0,) — P10; — P05,
where g 0 is the amount of the good i and p; isits price (| = 1, 2). Thefunction U(q,, @,) is

assumed to be quadratic, strictly concave and symmetricin g, and g,:

Uleh ) = (0 + ) - 5((@)° + 206, +(6)7)



where parameter b measures the degree to which goods are substitutes, bl (0, 1). Then, itis
easy to see that demand functions are given by:

_al- b)- p; +bp,
- 1- b2

Jty =12 1)

The two firms have the same technology represented by the cogt function: C(q;, X;), where g;
and x; are, respectively, the production and capacity of firm i. Following Vives (1986), Nishimori
and Ogawa (2004) and Lu and Podar (2005), we specify the cogt function as.

C(g, x) =mgq; + (g, — )%, 1=1, 2.

This cogt function shows that excess cgpacity or under-capacity would result inefficient. When

quantity equas capacity the long-run average cost is minimized. We assume a>m to assure that

the production levd of both firmsis pogtivein dl cases considered.

The profit of firm i isgiven by:

Pi= PG —ma— (g —x)2i= 1,2, (2)

where q; is given by (1). As usua, we mesasure socid welfare as the sum of consumer surplus

(denoted by CS) and producer surplus (denoted by PS). Therefore, socid welfareis given by:

W=CS+PS 3)

where PS=p, + p , and consumer surplusis given by:

— (p1)2 - 2bp1p2 +(p2)2 +2a(1' b)(a' P, - pz) (4)

CS=U(ay, dp) — Py G — P, G 2(1- b?) |



The objective of this paper is to andyze the order of moves in amixed duopoly with capacity
choice under price competition Both price and capacity decisons can be taken sequentidly or
smultaneoudy. We propose a four sage game with the following timing. In the first Sage, firms
decide whether to choose their capacities Smultaneoudy or sequentidly. In the second stage,
firms decide ther capacities. In the third stage, firms decide whether to set prices Smultaneoudy
or sequentidly. Findly, in the fourth stage firms decide their prices. We solve the game by
backward induction from the last sage of the game to obtan a subgame perfect Nash
Equilibrium.

3 Results

We andlyze firs whether firms set prices sequentia or Smultaneoudly.

3.1 Pricedecisions

In the fourth stage, given the capacity levels chosen in stage two, firms decide their prices
ather sequentially or smultaneoudy. Thus, here are three possible cases: firms decide prices
smultaneoudy, the public firm decides its price before the private firm does and the private firm

decidesits price before the public firm does.

We analyze firg the case in which firms set prices smultaneoudy. We denote this case by
superscript SP. In the fourth stage, given the production capacities chosen by firms in the second
stage, the private firm chooses the price, p,, that maximizesits profit while the public firm chooses
the price, p,, that maximizes socid wefare. Solving these problems we obtain the reaction

functionsin prices of the firms:

_2a(1- b)?- (1- b?)(2x, - 2% - m(1- b)) +b(5- b%) p,
P2 = 3+b? ’

Q)



_ a(l- b)(3- b%)- (1- b*)(2x - m) +h(3- b2)p2
2(2- b?)

(6)

As firms compete on prices in the product market, if one firm raises its price the other firm
reacts by ragng its price too. Thus, prices are srategic complements. From (5) and (6) we
obtain:

oS = a(8- b- 3?- b3 +b*)- 4(2- b?)x, - 2b(1+b?)x + m(1+b)(4- 3b+b?)
12- 5b% +b*

()

s _ a(3- b)(3- b?)- 20(3- b*)x, - 23- 20 +b*)x, +m(1+b)*(3- B+b*)
Py 12- 5b% +b*

Subgtituting (7) in (2) and (3) we obtain the profit of the private firm, p fp , and socid welfare,
WP, The expressions for p,> and WS and the resolution of the cases where prices are set

sequentidly are relegated to Appendix 1. In the sequentia games, we denote by superscript LP
(FP) to the leader (follower) in prices. Thus, p;"and p;” (p/" and p;") denote the profit of
thefirm i and its price, respectively, when firmi is the leader (the follower) in prices. Smilarly,

W' and W™ denote socid welfare when the public firm is the leader or the follower,

respectively.

Given the capacity chosen by firms in the second stage, n the third stage, firms decide
whether to st prices sequentidly or smultaneoudy. Solving this stage of the game the following

result is obtained.

Lemma 1. For a given production capacity: p.">pF>p,” ad W>WF>W,

Therefore, firms decide prices Smultaneoudly.”



Proof. See Appendix 2.

It is easy to see that, for a given capacity: p,"> p¥> p/” and pi°> p> pif. Asthe
objective of the public firm is socid welfare it cares about the consumer surplus and, thus, it seeks
to increase market competition. On the contrary, as the private firm cares about profits, it
attempits to reduce market competition. Thus, when the private firm is the leader in pricessetsa
higher price than in the Smultaneous case since, as prices are strategic complements, the follower
(the public firm) sets a higher price too. When the public firm is the leader in prices, it lowersits
price in comparison to the smultaneous case dnce in this way, as prices are drategic
complements, the follower (the private firm) lowers its price too. As a result, when the private
firm is the leader it sets a higher price than when decisons are set Smultaneoudy and, in this last
casg, its price is higher than when it is the follower. When the public firm is the follower it sets a
higher price than when decisons are set Smultaneoudy and, in this last case, its price is higher
than when it is the leader.

As the greater (lower) prices are set by firms when the private (public) firm isthe leeder in
prices, the lower (greater) socid wefare and the greater (lower) profit of the private firm is
obtained in this case. Therefore, for a given capacity, both firms want to behave as leadersin
prices since the greatest profit for the private firm and the greatest socid welfare are obtained in
this case. By contragt, neither of the two firms wants to behave as followersin prices since, in that
case, the lowest profit for the private firm and the lowest socid welfare are obtained. As a result,

both firms decide prices smultaneoudy.
3.2 Capacity decisions
Taking into account that firms decide to set prices smultaneoudy in the third stage of the

game, t remans to solve whether firms decide capacities sequentid or smultaneoudy. In the

second stage, firms decide their capacities ether sequentialy or smultaneoudy. Thus, there are

® This result holds when products are complements.



three cases to be considered: firms decide capacities Smultaneoudy, the public firm decides its
capecity before the private firm does and the private firm decides its capacity before the public

firm does.

We andyze firg the case in which firms decide their capacities smultaneoudy (denoted by
superscript §). In the second stage, given (7), the private firm chooses the capacity, X;, that
maximizes its profit and the public firm chooses the capacity, X,, that maximizes socid welfare.

Solving these problems we obtain the following result.

Proposition 1. When firms take cagpacity decisons smultaneoudy, the public firm chooses over-

capacity, X,>0,, and the private firm chooses under- capacity, x,<g;.°

Proof. See Appendix 3.

The explanation of this result is as follows. Given that the public firm maximizes socid welfare
it cares about the consumer surplus and, thus, about the output of industry. As aresult, the public
firm tries that the private firm increase its output (and, thus, reduce its price). However, as firms
compete in prices, the private firm seeks to raise its price in order to reduce market competition

and increase its profit.

The capacity level chosen by a firm not only affects its own price but also that of itsrival. In
fact, it can be shown from (7) that there is a negative relationship between the capacity level of
the public (private) firm and the price level of the private (public) firm and, thus, a postive
relationship with the output level of the private (public) firm. Thus, the public firm can improve
socia welfare by increasing its capacity while the private firm can reduce market competition by
reducing its capacity. As a result, the private firm chooses under-capacity and the public firm

chooses over-capacity.

® When products are complements, bi (-1,0), both firms choose under-capacity .
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Next we consider that the public firm decides its capacity level before the private firm does.

L F

Wedenoteby p, p- and g (p7, p and g") the profit, the price and the output level,

respectively, of thefirm i when it isthe leader (the follower) in capacities. Smilarly, W' and CS"
(W and CS™) denote socid welfare and consumer surplus when the public firm is the leader
(the follower) in capacities. In the second stage, given (7), the private firm chooses the capacity,
X, that maximizes its profit. Solving this problem we obtain the reaction function in capacities of
the private firm

. 82 b%)((a- m)(3- b)- 2bx,) -
1 72-84b% +49b* - 100° +b8

It is easy to see from (8) that x; and X, are strategic substitutes (;ﬁ <0). Therefore, if the
X2

public firm increases its capacity, the private firm reacts by reducing its own capacity.

The public firm chooses the capacity, X,, that maximizes socid welfare knowing the reaction
function of its rivd (expression (8)) and taking advantage of this knowledge. Solving this problem
we obtain the following result. Let b* » 0.8050.

Propostion 2. When the public firm is the leader in capadties, this firm chooses overcapacity,
X,>0,, if and only if b<b” and the private firm chooses under-capacity, X,<q;,.’

Proof. See Appendix 4.

This result is in contrast to that obtained by Lu and Poddar (2005) assuming that firms
producing a homogeneous good and compete in quantities. They show that, when the public firm
is the leader in capacities and firms choose their output level smultaneoudly, the public firm

chooses under-capacity while the private firm over-capacity.

" When products are complements the public firm chooses over-capacity if and only if b<-0.8050 and the

private firm chooses under-capacity.
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When the public firm is the leader in capacities, it chooses over-capacity (X,>0,), if and
only if the degree in which products are subgtitutes is low enough (b<b*). Therefore, if b>b" itis
obtained a different result than in the Imultaneoudy game. The explanation of this result is as
follows. On the one hand, in contrast to the simultaneous case, as the public firm is the leader in
capacities it takes into account that if it increases its capacity the private firm reacts by reducing
its own capacity. In this way, the incentive of the public firm to choose over-capacity, in order to
increase the output of industry, is weakened compared with the simultaneous case. On the other
hand, market competition increases with parameter b;® thus, as b rises, the incentive of the public
firm to choose over-capacity in order to increase market competition is weakened while the
incentive that the private firm has to choose under-capacity in order to reduce market competition
is reinforced. Therefore, when parameter b is great enough (b>b"), as market competition is
great, the public firm chooses under-capacity to avoid that the private firm select a low capacity
(and, thus, alow output level). When parameter b is low enough, the public firm chooses over-
capacity. Asthe private firm is the follower in capacitiesit chooses under capacity for al vaues of

parameter b, in order to reduce market competition.

Findly we andyze the case in which the private firm decides its capacity before the public firm
does, given that prices are set Smultaneoudy. In the second stage, given (7), the public firm

chooses the capacity, X,, that maximizes socid welfare. Solving this problem we obtain the

reaction function in cgpacities of the public firnx

o = (@a-mB, - 2b(15- 10b? + 4b* - b®)x,
(48 - 50b? +23b* - 60° +b®

: )

where B, = (48- 150- 3502 +10b° +13b”* - 4b° - 2b® +b’). Itis easy to see from (9) that X,

and x, are strategic substitutes (% <0).
1

8 Parameter b can be interpreted as an imperfect measure of the degree of competition in the product market

since the higher the value of parameter b, the greater the substitutability between goods produced by the

12



The private firm chooses the capacity, X, that maximizes its profit knowing the reaction
function of itsriva (expression (9)) and taking advantage of this knowledge. Solving this problem

we obtain the following resuilt.

Proposition 3. When the private firm is the leader in capacities, both firms choose over-capacity,
x>0, 1=1, 2.°

Proof. See Appendix 5.

This result is aso in contrast to that obtained by Lu and Poddar (2005). They show that,
when the private firm is the leader in capacities, the public firm chooses no capacity and produces

apositive quantity while the private firm chooses over-capacity.

Under price competition, as the private firm is the leader in capacitiesit takes into account
that if it reduces its capacity the public firm reacts by increasing its own capacity. Thisimplies that
the incentive of the private firm to choose under-capacity is weaker than in the simultaneous case.
In fact, the private firm wants to increase its capacity since this causes that the public firm reduces
its capacity and, thus, its output level. This effect is stronger than the incentive that the private firm
has to reduce its capacity in order to increase its price and, in this way, its profit. As a result,
when the private firm is the leader in capacitiesit chooses over-capacity, the opposite result than
in the smultaneous game. As the public firm isthe follower in capacities, it chooses over-capacity
in order to increase market competition. Thus, the same result is obtained than when capecities

are chosen Smultaneoudy.

3.3 First stage of the game

firms and, as aresult, the greater the competition in the product market.

° When products are complements the public (private) firm chooses under-capacity (over-capacity).
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In stage one, firms decide whether to choose capacities sequential or simultaneously.
Comparing the profit obtained by the private firm and socia welfare in the different cases

analyzed we obtain the following result.

Lemma 2. In equilibrium:

)X >x, X >x>, xb <x5 and xi <x3,

i) p; >ps, p; >p5, Py >pr adpy >py,
i) W >WS and WF >WS.

Proof. See Appendix 6.

As we have seen in propostion 1, when firms decide their capacities Smultaneoudy the
public firm chooses over-capacity to achieve that the private firm reduce its price increasing thus
its output level. However, when the public firm is the leader in capacities, it takes into account
that if it reduces its capacity the private firm reacts by reducing
increasing its own capacity. As aresult, the capacity level chosen by the public firm (the leader) is
lower than in the simultaneous case (X5 < X3) and, as capacities are dtrategic subdtitutes, the
capacity level of the private firm (the follower) is greater (x; > x). Similarly, asit is shown in
proposition 1, when firms take capacity decisons Smultaneoudy, the private firm chooses under-
capacity since it increases its price and, thus, its profit. However, when the private firm is the
leader, it takes into account that if it reduces its capacity the public firm reacts by increasing its

own capacity. Asaresult, x; > x> and x; <x5.

It is easy to see from (7) that there is a negative relationship between the capacities chosen
by both firms and the price chosen by each firm. Thus, when the public firm is the leader in
capacities it increases its price (p,) compared to the simultaneous case since x; < x5 . In this
case, as the private firm is the follower, increases its capacity compared to the Smultaneous case

which reduces p, . However, the firgt effect has a greater weight on p, than the second one and,

14



as a result, when the public firm is the leader in capacities it chooses a greater price and, thus, a

lower output than in the simultaneous case (p; > p5, g; <05 ). As aresult, the private firm
gains market share at the expense of the public firm, producing more than in the simultaneous
case (qy >qf) and obtaining greater profit (p; > pf). The public firm dso obtains greater
profit (p, >p>) since dthough it losses market share its price is greater then in the Smultaneous

case.

Smilarly, the greater capacity level chosen by the private firm being the leader compared to
the smultaneous case, has a grester effect on p,; than the lower capacity chosen by the public

firm As a result, when the private firm is the leader in capacitiesit sets alower price and, thus, a
grester output level than in the simultaneous case (p- < p, g >q7). Asthe output level of
each firm decreases with the output of its rival the public firm produces less than in the

simultaneous case (q; <qg; and p; > p5). Therefore, when the private firm is the leader in

capacities, both firms obtain grester profits than in the smultaneous case ( py >p; , P4 >p3).

From the results shown in Lemma 2, it can be concluded that the producer surplus is
grester when capacities are chosen sequentialy rather than smultaneoudly. As p, > pfand
ps >p5, the producer surplus is grester when the public firm is the leader in capacities than
when capacities are chosen smultaneously ) +ps >p° +p;). Smilaly, as p; >p; and
ps >p; the producer surplus is grester when the private firm is the leader in capacities then

when capacities are chosen smultaneously (p,- +ps >p,> +p,).

When the public firm is the leader in capacities both firms choose greater prices and, thus,
market competition is lower than in the Imultaneous case. As a result, the consumer surplusis
lower than in the Smultaneous case. When the private firm isthe leeder in cgpacities, it choosesa
lower price than in the Smultaneous case while the public firm chooses a greater one. Thisimplies
that the output leve of the private (public) firmis greater (lower) than in the smultaneous case.
When the parameter b increases, the private firm rises its output level while the public firm

15



reduces yours. Thus, when market competition is high enough, the lower output level chosen by
the public firm (the follower) has a greater weight than the higher output of the private firm (the
leader), which implies a lower consumer surplus then in the smultaneous case. As a resullt, if
products are highly substitutes (0>0.7091) the consumer surplus is greater when capacities are
chosen smultaneoudy than when the private firm is the leader in capacities; if b<0.7091 the result
is reversed. The producer surplus has a greater effect on socia welfare than the consumer surplus

and, as a result, socid welfare is grester when capacities are chosen sequentialy rather than
smultaneoudy (W >W*S and WF >W?%).

From Lemma 2 the following result is obtained.

Proposition 4. In equilibrium, capacities are decided sequentialy.™

Lemma 2 shows that the private firm obtains greater profits when capacities are chosen
sequentialy rather than smultaneoudly, independently on whether this firm is the leader or the
follower in capacities. On the other hand, social welfare is greater when capacities are chosen
sequentialy rather than smultaneously, independently on whether the public firm is the leader or
the follower in capacities. As a result, proposition 4 concludes that capacities are decided
sequentidly and, thus, there are two equilibria: in one of them the private firm is the leader in

capacities and, in the other, the public firm.

It is easy to see that p,- >p if and only if ©>0.8946 and that W© >W" . Therefore, the
public firm prefers the sequentia equilibrium in which the public firm is the follower in capacities.
However, the private firm wants to be the leader only if ©b>0.8946. For the remaining values of
parameter b the private firm prefers to be the follower. It can be shown tha
WF - W' >p/ -p; if and only if b<0.8946; thus, the government can give the private firm a

payment great enough to achieve that this firm become the leader in capacities. Asaresult, both

0 The same result is obtained when products are complements.
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the private firm and the public firm are better in the equilibrium in which the private firm is the
leader in capacities.

4 Conclusons

The literature that analyzes the capacity choice of firms in a mixed market considers that the
order of moves in which private firms and public firms take decisions (either sequentialy or
smultaneoudy) is exogenoudy given. However, a sequential order of moves may give rise to
sgnificantly different results from those obtained in a simultaneous game. Thus, in contrast to the
assumption made by this literature, in this paper we endogenize the order of moves in amixed
duopoly with capacity choice under price competition, when price decisons can be taken either
sequentialy or smultaneoudy and when capacity decisons can be taken either sequentidly or
amultaneoudy.

We show that, for a given capacity leve, both firms want to behave as leaders in prices since
the greatest profit of the private firm and the greatest socid welfare are obtained in that case.
Thus, both firms choose prices smultaneoudy and, as a result, we andyze three cases. In the first
one, capacity decisons are taken smultaneoudy and it is obtained that the public (private) firm
chooses over (under) capacity. In the second one, the public firm decides its capacity before the
private firm obtaining that the public firm chooses over-capacity if and only if products are low
subgtitutes (b<0.8050) and the private firm chooses under-capacity. Findly, in the third one, the
private firm decides its capacity before the public firm and it is obtained that both firms choose
over-capacity. These results are in contrast to those obtained in the literature that andyzes a
mixed duopoly in which firms producing a homogeneous good compete in quantities. Unlike this
literature we obtain that the private firm can choose under capacity and that the public firm can
choose over capacity.

In spite of prices are chosen smultaneoudy we show that capacities are decided sequentialy.

Therefore, there are two equilibria: in one of them the public firm is the leader in capacitiesand, in

the other, the follower. However, in the second equilibrium socid welfare is greater than in the

17



firs one. Therefore, the public firm prefers to be the follower in capacities. The private firm wants
to be the leader only if products are high substitutes. When products are low substitutes the
private firm prefers to be the follower. We obtain that the government can give the privatefirm a
payment grest enough to achieve that the private firm become leader in capacities when products
are low subdtitutes. In this last case, both the private firm and the public firm are better in the
equilibrium in which the private firm is leader in cgpacities.
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Appendix

1. Pricedecisons

First case: frms set prices smultaneously. The profit of the private firm, p,>, and socid

wefare, WSP, are;

pP= e 5b12 5 ((a- m)?(3- b)*(2- b?)+ 4(a- m)(3- b)(2- b?)(3x, - bx,) +

4b(2- b%)x,(bx, - 6%,)- (72- 84b* +49b* - 100° +b°)x?),

WS = e 5;2 o2 ((a- m)?(93- 30b- 65b% +20b° +25b* - 8b° - 5b° + 2b’) +
- +

4(48- 15b- 35b2 +10b° +13b* - 4b° - 2b° +b7)x,(a- m)+
4%, (15- 1002 +4b* - b®)((a- m)(3- b)- 2bx,)-

2(48- 50b% +230" - 6b° +b®)xZ - 2(54- 60b +25b* - 4b° +bE)x2).
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Second case: the public firm is the leader in prices and the private firm the follower. In the
fourth stage, given the production capacities chosen by firms in the second stage, the private firm
chooses the price, p,, that maximizes its profit. Solving, we obtain the reaction function in prices

of the private firm (expression (6)).

The public firm chooses the price, p,, that maximizes socid welfare knowing the reection

function of itsriva and taking advantage of this knowledge. Solving this problem we obtain:

ps” = (a(32- 7b- 17b%+b®+ 30%) - 4(8- 6b% +b*)x,- 2b(7- b?)x, +
m(L+b)(16- 9- 3b? +2b%))/ (48- 2907 +5b%),
pi® = (a(3- b)(4- b?)(3- b%)- 20(4- b?)(3- b?)x, - 4(6- 4b° +b*)x +

m(L+b)(12- 802 + b3 +b*)) /(48- 292 +5b*).

Substituting the above prices in (2) and (3) we obtain the profit of the private firm, p,-*, and

socid wdfare, WAP:

p FP — 1
' (48- 2%% +5b%)?

((a- M?(3- b)*(4- b*)*(2- b*) + (4(4- b*)*(2- b*)

((3- b)(3%, - bx,)(a- m)+bx,(bx, - 6x,))- (1152- 1632b* +961b* - 254b° + 250°%)x?) ,

WP = 1 ((a- m)?(31- 10b- 14b?+4b° +b*) +
2(48 - 29b% +5b*)

4(a- m)((16- 5b- 8b2 +20° +b*)x, +(3- b)(5- 2b)x,) -
2%2(16- 1302 +30*) - 8ox, X, (5- 202)- 2x2(18- 17b? +5b*)).

Third case: the private firm isthe leader in prices and the public firm the follower. In the fourth
dtage of the game, given the production capacities chosen by firms in the second stage, the public
firm chooses the price, p,, that maximizes socid welfare. Solving, we obtain the reaction function

in prices of the public firm (expression (5)).
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The private firm chooses the price, p,, that maximizes its profit knowing the reaction function

of itsriva and taking advantage of this knowledge. Solving this problem we obtain:

P57 =(a(24- 3p- 7b*+30° - b*) - 2(12- Bb® +b*)x, - 6b(L- b*)x, +
m(12+3b- 5b7 - 3% +b*)/ (12(3- b?)),

o = a(3+b)(3- b)* - 2b(9- b*)x, - 18(1- b*)x, + m(9+9b- %b?- b°)
! 12(3- b?)

Subdtituting the above prices in (2) and (3) we obtain the profit of the private firm, p,~, and

socid wdfare, WFP:

olF = (a- m)2(3- b)2+4(a- m)(3- b)(3x, - bx,) - 24bx,x, - 12(3- 2b?)x? + 4b>X?
! 24(3- b?)

wFP =W1b2)2((a- m)?(837 - 270b- 513b% +180b° +27b* - 6b° +b°) +

4(432- 135h - 2430b° +900° +18b* - 3b° +b°)x,(a- m)- 4(216- 189b* +54b* - b®) x5 -

36(27 - 18b? +7b*)xZ + 12(45 - 300% +b*) x, ((a- m)(3- b)- 2bx,)).
2. Proof of Lemma 1

In the third stage, firms decide whether to set prices sequentia or Smultaneoudy. Comparing
the prices set by the private and public firmsin the three cases, we obtain:

o . pe = 26 D)@+D)b, e e B2 DH)(E- bY’D;

b, by

ofF - p® = b%(5- b%)2b, o5 . pie = 2D b%)(3- b?)(2- b?)b,
2 2 b2 ] 2 2 b3 ,
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where b, = ((a- m)(3- b)- 2bx, +6x ), b,>0 to assure that the firms produce a postive
output level; b, =12(3- b%)(12- 5b% +b*) and b, = (12- 5b% +b*)(48- 29b? +5b*). Thus
pe - p¥>0, pF- p>0, piF- p¥ >0 and p5° - p5° >0 sncebl (0, 1). Therefore:

p”> p > prand p;” > py > p;
Comparing the profits obtained by the private firm in the three cases, we obtain:

o e (D)% b?)(3- b?)(2- b?)(96- 61b% +14b* - b°)
P, -P, = (b )2
3

LP P _ b4(5' bz)z(bl)z
p1 “Mi1 — 2 N
2b,(12- 5b° +b*)

wherep ¥ - p/">0and p/F - p¥>0snceb (0, 1). Therefore p . F>p F>p/ .

1

Comparing the socid welfare obtained in the three cases, we obtain:

b2(5- b2)(3+b?)(72- 51b? +10b* +b®)( b,)?

WSP _ WFP —
2(b,)*

we = D°- 0°)°@3- b*)*(b,)’

WLP _
2b, (12- 5b* +b*)

where W - WFP>0and WP - W >0 since bl (0, 1). Therefore W-">WF>WFP,

3. Firms decide their capacities smultaneoudy

In the second stage, given (7), the private firm chooses the capacity, X, that maximizes its
profit and the public firm chooses the capacity, X,, that maximizes socid welfare. Solving these

problems we obtain:

21



X5 =b,(24- 15b- 2302 +10b>+13b” - 4b°- 2b°+b’),

(a- m
24 - 380% +23b* - 6h® +b®

x> =6b,(1- b)(2- b®),where b, =

From (1), (6) and the above expressons we obtain:

qS =b,(24- 18- 2002 +14b° +9b* - 5b° - b® +b7), q° =b, (1- b)(12- 5b% +b*),

X3 - Oy = b,b(l- b)*(A1+b)(3- b?), X7 - g7 =-b,b*(1- b)(1+b?),
where x5 - ¢;>0and x - gy <0 sincebl (0, 1).
The profit of the private firm and socid wdfare are:

p; =(b,)%(1- b)?3(2- b?)(72- 84b% + 4%* - 10b° + b®) ,
2
WS =% (1008- 864b- 2334b? +1884b* + 2571b* - 1930b° - 163%° +1136b’ +

682b°8 - 434b° - 192b™° +114b™ + 35012 - 20b™3 - 3 + 2b'°).
4. The public firm decides its capacity before the private firm does

In the second stage, given (7), the private firm chooses the capacity, X, that maximizes its
profit. Solving this problem we obtain the reaction function in cgpacities of the private firm
(expression (8)). The public firm chooses the capacity, X,, that maximizes its profit knowing the
reaction function of its rivd and taking advantage of this knowledge. Solving this problem and
subgtituting in (8) we obtain:

X5 = by (1728- 1296b - 360007 + 2376b° +3912b” - 2295b° - 2459h° +

1264b" +987b® - 431b” - 239%™ + 99b™ + 3302 - 14b'3 - 2™ +p'°),

22



x5 =6bg(1- b)(2- b2)(72- 84b2 + 49b* - 100 +b?)

(a- m
(1728 - 4896b? +6288b* - 47540° +2251h° - 6700 +132b'2 - 16b™ +b'®) |

where by =

From (1), (7) and the above expressions we obtain:

5 =bg (1728- 1440b- 345607 + 2784b° +3504b* - 2706b° - 20480° +

1502b" + 749b°® - 511b° - 159%™ +113p* +19b'? - 150%3 - b** +b'°),
a; = bg(1- b)(864 - 136807 +10800* - 449b° +111b® - 150'° +b'?),
X5 - g5 =bgb(d- b)(3- b?)(48- 120b% +97b* - 47b° +110® - b'9),

X - g =bb?(- 1+ b)(1+b?)(72- 84b% +49b* - 100° +b°%).

It iseasy to seethat x| - qf <O sinceb T (0, 1). On the other hand, x5 - gy >0if O<b<b",
b* »0.8050. It easy to e that the sSon{ x5 - g5 }=

sgr{ 48- 12002 +97b* - 47b° +11b8 - b'°}. This last expression is postive for b=0 and

1(48- 120b? +97b* - 47b° +11b® - b'°)
b

- 240b+388b° - 282b° +880” - 10b°<0 since b 1 (0, 1). Therefore, there exists a value of

negetive for b=1. Besdes

parameter b, b*, suchthat x5 - gy >0if 0< b<b*, where b* »0.8050.

The profit of the private firm and socid welfare are;

pF =(bg)2(1- b)2(2- b?)(72- 84b2 + 49b* - 10b° +b?)?,

L_(a-mb

W 5(3024- 2592b - 5976b? + 4752b° +6207b* - 4590b° - 3723b° +

2528b" +1418b® - 862b° - 338b'% +198b*! + 47b'% - 28b'3- 3b'* +2b™°).

5. Theprivate firm decidesits capacity befor e the public firm does
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In the second stage, given (7), the public firm chooses the capacity, X, that maximizes socid
welfare. Solving this problem we obtain the reaction function in cgpacities of the public firm given
by (9). The private firm chooses the capacity, X, that maximizes its profit knowing the reaction

function of its rival and taking advantage of this knowledge. Solving this problem and subgtituting
in (9) we obtain:

X5 =bg(1152+432b- 211202 - 882b° +1724b* +687b° - 876h° -
3080” +301b® +84b7 - 710 - 14b™ +11b"2 + b3 - b,
% =2bg(2- b?)(12- 5% +b*)?,

. (a- m)
where b, = .
® (1+b)(1152- 2112b2 +1724b* - 876b° + 3018 - 7100 +110'2 - b4

From (1), (7) and the above expressions we obtain:

05 =bg(1152+228b- 2112b% - 540b° +1724b* +370b° - 876h° -
148b" +301b® +34b° - 71b*°- 4b* +11b*? - b'4),
Or =bg(576- 840b% +574b” - 2370° +650° - 11b'° +b'?),
x5 - g5 =bg(1+b)b(1- b)(3- b?)(48- 50b% +23b* - 6b° +b°),
X - g =bg(1+b)b?(1- b)(12- T? +b*)(6- 30% +b*).

where x; - g->0and x5 - qy>0sncebl (0, 1).
The profit of the private firm and socid welfare are;

pL=(a- mby(l- b)(2- b?)(12- 5b% +b%)?,

2
wF = Léhb) (2322432 + 331776b - 8391168b? - 1340928b° +14406336b* +2458944h°

- 15817272b°% - 278368807 + 1251773208 + 2214076b° - 7591574b™° - 1319338p! +
3651955b'2 + 60898%'° - 1420673b** - 221183b'° + 4508630 + 63427b'" - 116687b' -
142370" +243870% + 24430% - 4023b% - 305b% +501b%* + 25b% - 430% - b + 20%).

6. Proof of Lemma 2

Comparing the profit obtained by the private firm in the three cases we obtain:

DaBs 5. p2)2(3- 3b- 4p?+ 407+ 4b* - 46°- b +b7),

)X - x> =144b?
a- m)
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)X - % :%%2(2- b®)(15- 10b* +4b” - b°®)(48- 50b* + 230" - 6b° +b°),
a-m

il) X - x; = ( D, b; 80°(2- b%)(15- 10b% + 4b* - b°)?,
a-

xS = b4b5)12b(2_ b?)(L- b)(3- b?)(- 1+b? - b*) (72- 84b*+49b” - 10b° +b°),
m

V) X5 -

2
V)ps - P> :8b3%(1+ b)(1- b)(2- b?)(15- 10b? + 4b* - b®)(165888- 103680b -

- 6497287 + 438480b° +1199808b* - 850608b° - 1390992h° +1024416b" +
1138128n8 - 867066h° - 698464h'° +549618b'* +332416b'2 - 270502b"° -
124883p'* +105265b'° +37244b'6 - 3257007 - 8771b'8 + 7961b'° +16000%° -
1506b%! - 217b%? +211b%3 +20b** - 20b% - b?® +b?"),

2
Vi) py - ps :24b%(1- b)(3- b?)(2- b?)(- 1+ b? - b*)(- 995328 +974592h +

4748544b? - 4675968b° - 10806912b* +10615104b° +15511104b° - 15082800b” -
15639600b° +14954532h° +11682044b™ - 10929064b™ - 6648424b™ + 60744730™ +
2921007b™ - 26162130™ - 992713b' +881205b"" +259081b*® - 232039b" - 51047b% +
47229b%! +7361b%% - 7251b%3 - 727b%* + 799 % + 4302 - 57b?" - b8 + 2b%) ,

vii) p° - Eb b5; 48b%(1- b)%(-3+b?)(2- b?)?(1- b? +b*) (72- 84b? + 49b* -

a-m
10b° + b8) (1728- 4824b? +6156b* - 4610b° +2179b% - 658b'° +132b'2 - 16b™ +b'°),

viil) py” - py’ = - Bo(by)’ — 2 18b*(1- b)(2- b*)*(15- 10b” +4b* - b°)?,
(a-m)

L s = Ps(0,)° 2 2 2,

ix) Wh - W - —52747_(12b(1- b)(3- b?)(2- b?)(1- b? +b*))?,

X) WS- WF = _ (bgb,)?

- ——6—4_g(1+b)(1- b)b?(2- b*) (15- 100 +4b* - b°)

(48- 50|o2 +230% - 6b° + b®) (3456 - 12024b? + 20208b* - 20792b° +
143330° - 70030 + 24930*2 - 6500 +121b'° - 15b™8 + b?0)

where: X - x° >0, X - x>0, X -x<0, X-x<0, p,-p,>0, p,-p;>0,
pS-p. <0,pl-pS>0, W--WS>0 and WS- WF <0 sincebl (0, 1).

By computing the consumer surplus in the three cases considered, it can be seen that:
(b bs)

518400002 - 27475200° - 12735360b% + 6571584b° +19554624b° - 9806712b” -
20915688b® +10200372b° +16436204b° - 7817558b*! - 9759930b'? + 4553805h™ +

) CSt - CS® = —4=52_24p(1- b)(3- b*)(2- b*)(1- b +b*) (- 995328+539136b +
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4441675b* - 2052167b*° - 15567590 + 721091b’ + 419195b'8 - 197359b'° - 85727b%° +
41613b%! +12977b%% - 6597b% - 1381b%* - 749b%° +93b2° - 55h?7 - 3?8 + 2b%°) |
. b.b,)?
i) CS" - CS® = %8b2(1+b)(1- b)(2- b?)(15- 10b? +4b* - b®) (165888-
165888h - 715392b? +649728b° +1419552b* - 11998080° - 1747848b° +
1390992h" +1506648b° - 11381280° - 966308b'° + 698464b*! + 4765930 -
332416b%- 183633p'* +124883b™° +554830'° - 37244b'" - 13031b* +8771b'° +
2323b%° - 1600b%! - 299b?? + 217b%3 + 25b%* - 20b%° - b%® +b?'),

where CSF - CS® >0 if and only if b<0.7092 and CS" - CS®<0sincebl (0, 1).
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