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1 Introduction 

  

There is a conventional wisdom that holding excess capacity plays an essential role as a 

strategic device in the pure oligopoly market (see, for example, Dixit, 1980; Brander and 

Spencer, 1983; Horiba and Tsutsui, 2000). However, in many advanced countries private firms 

compete in the product market not only with other private firms but also with public firms (mixed 

markets). As public firms maximize social welfare while private firms maximize profits, the result 

obtained in a mixed oligopoly could differ from that obtained in a pure oligopoly. This last 

question has been analyzed by the literature on public firms.  

 

Assuming a mixed market in which firms produce a homogeneous good and compete in 

quantities, Wen and Sasaki (2001) and Nishimori and Ogawa (2004) show that the public firm 

strategically chooses under-capacity while the private firm chooses excess capacity. Therefore, 

they show that the capacity decision of the public firm is different than that of the private firms. 

Ogawa (2006) extends the analysis assuming heterogeneous products. He shows that the public 

firm chooses over-capacity when products are complements and under-capacity when products 

are substitutes. Finally, Bárcena-Ruiz and Garzón (2007) show that the type of competition in the 

product market affects firms’ capacity decisions. They show that when firms compete in prices it 

is obtained the opposite result the result than Ogawa (2006).  

 

In the above cited papers it is assumed that firms take decisions simultaneously. However, as 

Pal (1998) points out, a sequential order of moves may give rise to significantly different results 

from those obtained in a simultaneous game.1 In this regard, Lu and Poddar (2005) analyze the 

                                                 
1
 The literature on industrial organization has analyzed whether firms decide quantities (prices) sequential or 

simultaneously assuming private firms (see, for example, Gal-Or, 1985; Dowrick, 1986; Hamilton and Slutsky, 

1990). This analysis has been extended to consider a mixed oligopoly. In this regard, Pal (1998) shows that 

when firms in a mixed oligopoly produce a homogeneous good they take production decisions sequentially, 

while in a private oligopoly firms decide quantities simultaneously. Bárcena-Ruiz (2007) shows that in a mixed 

duopoly for differentiated goods firms choose prices simultaneously while in a private duopoly firms decide 

prices sequentially.  
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strategic choice of capacity in a sequential game assuming a mixed duopoly. They consider that 

firms produce a homogeneous good and choose their capacity level either sequential or 

simultaneously and then decide quantities either sequential or simultaneously. They show that, the 

public firm never chooses excess capacity, while the private firm never chooses under-capacity.2  

 

Lu and Poddar (2005) assume that the order of moves in which firms take decisions is 

exogenously given and, thus, firms do not decide whether decisions are taken sequential or 

simultaneously. We extend their analysis by assuming that the order of moves is endogenously 

determined by firms and that firms compete in prices. In order to carry out this analysis we 

consider a mixed duopoly in which firms produce a differentiated product with the same 

technology. We propose a four stage game with the following timing. In the first stage firms 

decide whether to choose their capacities simultaneously or sequentially. In the second stage, 

firms choose their capacities. In the third stage, firms decide whether to set prices simultaneously 

or sequentially. Finally, in the fourth stage firms decide prices.  

 

We show that, for a given capacity level, both firms want to behave as leaders in prices since 

the greatest profit of the private firm and the greatest social welfare are obtained in this case.3 

Thus, both firms set prices simultaneously. This means that there are three relevant cases to be 

analyzed. In the first case, capacity decisions are taken simultaneously and it is obtained that the 

public (private) firm chooses over (under) capacity.4 In the second case, the public firm decides 

its capacity before the private firm, obtaining that the public firm chooses over-capacity if and 

only if products are low substitutes and the private firm chooses under-capacity. Therefore, when 

the public firm is the leader in capacities the result depends on the degree in which goods are 

substitutes. Finally, in the third case, the private firm decides its capacity before the public firm 

and it is obtained that both firms choose over-capacity. These results are in contrast to those 

                                                 
2 It can be shown that the same result is obtained if firms compete in quantities with substitute products. 

When products are complements both the public firm and the private firm never choose under-capacity. 
3 It has to take to be noted that the objective of a public firm is to maximize social welfare while that of a 

private firm is to maximize its own profit. 
4 This result is shown by Bárcena-Ruiz and Garzón (2007). 
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obtained by Lu and Poddar (2005) under quantity competition. Unlike Lu and Poddar (2005), 

we obtain that under price competition the private firm can choose under capacity and that the 

public firm can choose over capacity.  

 

It remains to analyze whether firms prefer to take capacity decisions sequential or 

simultaneously. Solving the whole game we obtain that capacities are decided sequentially. 

Therefore, there are two equilibria: in one of them the public firm is the leader in capacities and, in 

the other, the follower. However, social welfare is greater in the second equilibrium than in the 

first one. Therefore, the public firm prefers to be the follower in capacities. But, the private firm 

wants to be the leader only if products are high substitutes; for the remaining cases, the private 

firm prefers to be the follower. We obtain that, when products are low substitutes, the 

government can give the private firm a payment great enough to achieve that this firm become 

leader in capacities. This means that both the private firm and the public firm are better in the 

equilibrium in which the private firm is leader in capacities.  

 

The rest of the paper is organized as follows. Section 2 presents the model. Section 3 studies 

whether firms choose their prices simultaneously or sequentially and whether firms choose their 

capacities simultaneously or sequentially. Conclusions are drawn in Section 4. 

 

2 The model 

 

 We consider a mixed duopoly market comprised by one private firm and one public firm, 

denoted by 1 and 2. The two firms produce a heterogeneous good. There is a continuum of 

consumers of the same type. The representative consumer maximizes U(q1, q2) – p1q1 – p2q2, 

where qi≥0 is the amount of the good i and pi is its price (i = 1, 2). The function U(q1, q2) is 

assumed to be quadratic, strictly concave and symmetric in q1 and q2:  

 

U(q1, q2) = ))(2)((
2
1

)( 2
221

2
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where parameter b measures the degree to which goods are substitutes, b∈(0, 1). Then, it is 

easy to see that demand functions are given by:  
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= , i ≠ j;  i, j = 1, 2.      (1) 

 

 The two firms have the same technology represented by the cost function: C(qi, xi), where qi 

and xi are, respectively, the production and capacity of firm i. Following Vives (1986), Nishimori 

and Ogawa (2004) and Lu and Podar (2005), we specify the cost function as: 

 

C(qi, xi) = m qi + (qi – xi)2, i=1, 2. 

 

This cost function shows that excess capacity or under-capacity would result inefficient. When 

quantity equals capacity the long-run average cost is minimized. We assume a>m to assure that 

the production level of both firms is positive in all cases considered. 

 

 The profit of firm i is given by: 

 

 π i = pi qi – mqi – (qi – xi)2, i = 1, 2,       (2) 

 

where qi is given by (1). As usual, we measure social welfare as the sum of consumer surplus 

(denoted by CS) and producer surplus (denoted by PS). Therefore, social welfare is given by:  

 

W = CS + PS,             (3) 

 

where PS = π1 + π  2 and consumer surplus is given by: 

 

CS = U(q1, q2) – p1 q1 – p2 q2 = 
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 The objective of this paper is to analyze the order of moves in a mixed duopoly with capacity 

choice under price competition. Both price and capacity decisions can be taken sequentially or 

simultaneously. We propose a four stage game with the following timing. In the first stage, firms 

decide whether to choose their capacities simultaneously or sequentially. In the second stage, 

firms decide their capacities. In the third stage, firms decide whether to set prices simultaneously 

or sequentially. Finally, in the fourth stage firms decide their prices. We solve the game by 

backward induction from the last stage of the game to obtain a subgame perfect Nash 

Equilibrium. 

 

3 Results 

 

 We analyze first whether firms set prices sequential or simultaneously. 

 

3.1 Price decisions 

 

 In the fourth stage, given the capacity levels chosen in stage two, firms decide their prices 

either sequentially or simultaneously. Thus, there are three possible cases: firms decide prices 

simultaneously, the public firm decides its price before the private firm does and the private firm 

decides its price before the public firm does.  

 

 We analyze first the case in which firms set prices simultaneously. We denote this case by 

superscript SP. In the fourth stage, given the production capacities chosen by firms in the second 

stage, the private firm chooses the price, p1, that maximizes its profit while the public firm chooses 

the price, p2, that maximizes social welfare. Solving these problems we obtain the reaction 

functions in prices of the firms: 
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 As firms compete on prices in the product market, if one firm raises its price the other firm 

reacts by raising its price too. Thus, prices are strategic complements. From (5) and (6) we 

obtain:  
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 Substituting (7) in (2) and (3) we obtain the profit of the private firm, SP
1π , and social welfare, 

WSP. The expressions for SP
1π  and WSP and the resolution of the cases where prices are set 

sequentially are relegated to Appendix 1. In the sequential games, we denote by superscript LP 

(FP) to the leader (follower) in prices. Thus, LP
iπ and LP

ip ( FP
iπ  and )FP

ip  denote the profit of 

the firm i and its price, respectively, when firm i is the leader (the follower) in prices. Similarly, 
LPW  and FPW denote social welfare when the public firm is the leader or the follower, 

respectively.  

 

 Given the capacity chosen by firms in the second stage, in the third stage, firms decide 

whether to set prices sequentially or simultaneously. Solving this stage of the game the following 

result is obtained. 

 

Lemma 1. For a given production capacity: LP
1π > SP

1π > FP
1π  and LPW > SPW > FPW . 

Therefore, firms decide prices simultaneously.5 

 



  
9 

 

Proof. See Appendix 2. 

 

 It is easy to see that, for a given capacity: LPp1 > SPp1 > FPp1  and FPp2 > SPp2 > LPp2 . As the 

objective of the public firm is social welfare it cares about the consumer surplus and, thus, it seeks 

to increase market competition. On the contrary, as the private firm cares about profits, it 

attempts to reduce market competition. Thus, when the private firm is the leader in prices sets a 

higher price than in the simultaneous case since, as prices are strategic complements, the follower 

(the public firm) sets a higher price too. When the public firm is the leader in prices, it lowers its 

price in comparison to the simultaneous case since in this way, as prices are strategic 

complements, the follower (the private firm) lowers its price too. As a result, when the private 

firm is the leader it sets a higher price than when decisions are set simultaneously and, in this last 

case, its price is higher than when it is the follower. When the public firm is the follower it sets a 

higher price than when decisions are set simultaneously and, in this last case, its price is higher 

than when it is the leader.  

 

 As the greater (lower) prices are set by firms when the private (public) firm is the leader in 

prices, the lower (greater) social welfare and the greater (lower) profit of the private firm is 

obtained in this case. Therefore, for a given capacity, both firms want to behave as leaders in 

prices since the greatest profit for the private firm and the greatest social welfare are obtained in 

this case. By contrast, neither of the two firms wants to behave as followers in prices since, in that 

case, the lowest profit for the private firm and the lowest social welfare are obtained. As a result, 

both firms decide prices simultaneously.  

 

3.2 Capacity decisions 

 

 Taking into account that firms decide to set prices simultaneously in the third stage of the 

game, it remains to solve whether firms decide capacities sequential or simultaneously. In the 

second stage, firms decide their capacities either sequentially or simultaneously. Thus, there are 

                                                                                                                                                    
5 This result holds when products are complements.  
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three cases to be considered: firms decide capacities simultaneously, the public firm decides its 

capacity before the private firm does and the private firm decides its capacity before the public 

firm does. 

 

 We analyze first the case in which firms decide their capacities simultaneously (denoted by 

superscript S). In the second stage, given (7), the private firm chooses the capacity, x1, that 

maximizes its profit and the public firm chooses the capacity, x2, that maximizes social welfare. 

Solving these problems we obtain the following result. 

 

Proposition 1. When firms take capacity decisions simultaneously, the public firm chooses over-

capacity, x2>q2, and the private firm chooses under-capacity, x1<q1.6 

 

Proof. See Appendix 3. 

 

 The explanation of this result is as follows. Given that the public  firm maximizes social welfare 

it cares about the consumer surplus and, thus, about the output of industry. As a result, the public 

firm tries that the private firm increase its output (and, thus, reduce its price). However, as firms 

compete in prices, the private firm seeks to raise its price in order to reduce market competition 

and increase its profit.  

 

 The capacity level chosen by a firm not only affects its own price but also that of its rival. In 

fact, it can be shown from (7) that there is a negative relationship between the capacity level of 

the public  (private) firm and the price level of the private  (public) firm and, thus, a positive 

relationship with the output level of the private (public) firm. Thus, the public firm can improve 

social welfare by increasing its capacity while the private firm can reduce market competition by 

reducing its capacity. As a result, the private firm chooses under-capacity and the public firm 

chooses over-capacity.  

 

                                                 
6 When products are complements, b∈(-1,0), both firms choose under-capacity. 
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 Next we consider that the public firm decides its capacity level before the private firm does. 

We denote by L
iπ , L

ip  and L
iq ( F

iπ , F
ip  and F

iq ) the profit, the price and the output level, 

respectively, of the firm i when it is the leader (the follower) in capacities. Similarly, LW and LCS  

( FW and FCS ) denote social welfare and consumer surplus when the public firm is the leader 

(the follower) in capacities. In the second stage, given (7), the private firm chooses the capacity, 

x1, that maximizes its profit. Solving this problem we obtain the reaction function in capacities of 

the private firm: 

8642
2

2

1 10498472
)2)3)()((2(6

bbbb
bxbmab

x
+−+−

−−−−
= .         (8) 

 It is easy to see from (8) that x1 and x2 are strategic substitutes ( 0
2

1 <
∂

∂

x

x
). Therefore, if the 

public firm increases its capacity, the private firm reacts by reducing its own capacity. 

 

 The public firm chooses the capacity, x2, that maximizes social welfare knowing the reaction 

function of its rival (expression (8)) and taking advantage of this knowledge. Solving this problem 

we obtain the following result. Let b* ≈ 0.8050. 

 

Proposition 2. When the public firm is the leader in capacities, this firm chooses overcapacity, 

x2>q2, if and only if b<b* and the private firm chooses under-capacity, x1<q1.7 

 

Proof. See Appendix 4. 

 

 This result is in contrast to that obtained by Lu and Poddar (2005) assuming that firms 

producing a homogeneous good and compete in quantities. They show that, when the public firm 

is the leader in capacities and firms choose their output level simultaneously, the public firm 

chooses under-capacity while the private firm over-capacity. 

 

                                                 
7 When products are complements the public firm chooses over-capacity if and only if b<-0.8050 and the 

private firm chooses under-capacity. 
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 When the public firm is the leader in capacities, it chooses over-capacity (x2>q2), if and 

only if the degree in which products are substitutes is low enough (b<b*). Therefore, if b>b* it is 

obtained a different result than in the simultaneously game. The explanation of this result is as 

follows. On the one hand, in contrast to the simultaneous case, as the public firm is the leader in 

capacities it takes into account that if it increases its capacity the private firm reacts by reducing 

its own capacity. In this way, the incentive of the public firm to choose over-capacity, in order to 

increase the output of industry, is weakened compared with the simultaneous case. On the other 

hand, market competition increases with parameter b;8 thus, as b rises, the incentive of the public 

firm to choose over-capacity in order to increase market competition is weakened while  the 

incentive that the private firm has to choose under-capacity in order to reduce market competition 

is reinforced. Therefore, when parameter b is great enough (b>b*), as market competition is 

great, the public firm chooses under-capacity to avoid that the private firm select a low capacity 

(and, thus, a low output level). When parameter b is low enough, the public firm chooses over-

capacity. As the private firm is the follower in capacities it chooses under capacity for all values of 

parameter b, in order to reduce market competition. 

 

 Finally we analyze the case in which the private firm decides its capacity before the public firm 

does, given that prices are set simultaneously. In the second stage, given (7), the public firm 

chooses the capacity, x2, that maximizes social welfare. Solving this problem we obtain the 

reaction function in capacities of the public firm: 

 

=2x 8642
1

642
1

6235048(
)41015(2)(

bbbb
xbbbbBma

+−+−
−+−−−

,      (9) 

 

where )241310351548( 765432
1 bbbbbbbB +−−++−−= . It is easy to see from (9) that x1 

and x2 are strategic substitutes ( 0
1

2 <
∂
∂

x
x

). 

                                                 
8 Parameter b can be interpreted as an imperfect measure of the degree of competition in the product market 

since the higher the value of parameter b, the greater the substitutability between goods produced by the 
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 The private firm chooses the capacity, x1, that maximizes its profit knowing the reaction 

function of its rival (expression (9)) and taking advantage of this knowledge. Solving this problem 

we obtain the following result. 

 

Proposition 3. When the private firm is the leader in capacities, both firms choose over-capacity, 

xi>qi, i=1, 2.9 

 

Proof. See Appendix 5. 

 

 This result is also in contrast to that obtained by Lu and Poddar (2005). They show that, 

when the private firm is the leader in capacities, the public firm chooses no capacity and produces 

a positive quantity while the private firm chooses over-capacity. 

 

 Under price competition, as the private firm is the leader in capacities it takes into account 

that if it reduces its capacity the public firm reacts by increasing its own capacity. This implies that 

the incentive of the private firm to choose under-capacity is weaker than in the simultaneous case. 

In fact, the private firm wants to increase its capacity since this causes that the public firm reduces 

its capacity and, thus, its output level. This effect is stronger than the incentive that the private firm 

has to reduce its capacity in order to increase its price and, in this way, its profit . As a result, 

when the private firm is the leader in capacities it chooses over-capacity, the opposite result than 

in the simultaneous game. As the public firm is the follower in capacities, it chooses over-capacity 

in order to increase market competition. Thus, the same result is obtained than when capacities 

are chosen simultaneously. 

 

3.3 First stage of the game 

 

                                                                                                                                                    
firms and, as a result, the greater the competition in the product market.  
9 When products are complements the public (private) firm chooses under-capacity (over-capacity). 



  
14 

 

 In stage one, firms decide whether to choose capacities sequential or simultaneously. 

Comparing the profit obtained by the private firm and social welfare in the different cases 

analyzed we obtain the following result. 

 

Lemma 2. In equilibrium:  

i) SF xx 11 > , SL xx 11 > , SF xx 22 <  and SL xx 22 < ,  

ii) SF
22 ππ > , SL

22 ππ > , SF
11 ππ >  and SL

11 ππ > ,  

iii) SL WW >  and SF WW > . 

 

Proof. See Appendix 6. 

 

 As we have seen in proposition 1, when firms decide their capacities simultaneously the 

public firm chooses over-capacity to achieve that the private firm reduce its price increasing thus 

its output level. However, when the public firm is the leader in capacities, it takes into account 

that if it reduces its capacity the private firm reacts by reducing 

increasing its own capacity. As a result, the capacity level chosen by the public firm (the leader) is 

lower than in the simultaneous case ( SL xx 22 < ) and, as capacities are strategic substitutes, the 

capacity level of the private firm (the follower) is greater ( SF xx 11 > ). Similarly, as it is shown in 

proposition 1, when firms take capacity decisions simultaneously, the private firm chooses under-

capacity since it increases its price and, thus, its profit. However, when the private firm is the 

leader, it takes into account that if it reduces its capacity the public firm reacts by increasing its 

own capacity. As a result, SL xx 11 >  and SF xx 22 < . 

 

 It is easy to see from (7) that there is a negative relationship between the capacities chosen 

by both firms and the price chosen by each firm. Thus, when the public firm is the leader in 

capacities it increases its price ( 2p ) compared to the simultaneous case since SL xx 22 < . In this 

case, as the private firm is the follower, increases its capacity compared to the simultaneous case 

which reduces 2p . However, the first effect has a greater weight on p2 than the second one and, 
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as a result, when the public firm is the leader in capacities it chooses a greater price and, thus, a 

lower output than in the simultaneous case ( SL pp 22 > , SL qq 22 < ). As a result, the private firm 

gains market share at the expense of the public firm, producing more than in the simultaneous 

case ( SF qq 11 > ) and obtaining greater profit ( SF
11 ππ > ). The public firm also obtains greater 

profit ( SL
22 ππ > ) since although it losses market share its price is greater than in the simultaneous 

case.  

 

 Similarly, the greater capacity level chosen by the private firm being the leader compared to 

the simultaneous case, has a greater effect on p1 than the lower capacity chosen by the public 

firm. As a result, when the private firm is the leader in capacities it sets a lower price and, thus, a 

greater output level than in the simultaneous case ( SL pp 11 < , SL qq 11 > ). As the output level of 

each firm decreases with the output of its rival the public firm produces less than in the 

simultaneous case ( SF qq 22 <  and SF pp 22 > ). Therefore, when the private firm is the leader in 

capacities, both firms obtain greater profits than in the simultaneous case ( SL
11 ππ >  , SF

22 ππ > ). 

 

 From the results shown in Lemma 2, it can be concluded that the producer surplus is 

greater when capacities are chosen sequentially rather than simultaneously. As SF
11 ππ > and 

SL
22 ππ > , the producer surplus is greater when the public firm is the leader in capacities than 

when capacities are chosen simultaneously ( SSLF
2121 ππππ +>+ ). Similarly, as SL

11 ππ >  and 

SF
22 ππ >  the producer surplus is greater when the private firm is the leader in capacities than 

when capacities are chosen simultaneously ( SSFL
2121 ππππ +>+ ).  

 

 When the public firm is the leader in capacities both firms choose greater prices and, thus, 

market competition is lower than in the simultaneous case. As a result, the consumer surplus is 

lower than in the simultaneous case. When the private firm is the leader in capacities, it chooses a 

lower price than in the simultaneous case while the public firm chooses a greater one. This implies 

that the output level of the private (public) firm is greater (lower) than in the simultaneous case. 

When the parameter b increases, the private firm rises its output level while the public firm 
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reduces yours. Thus, when market competition is high enough, the lower output level chosen by 

the public firm (the follower) has a greater weight than the higher output of the private firm (the 

leader), which implies a lower consumer surplus than in the simultaneous case. As a result, if 

products are highly substitutes (b>0.7091) the consumer surplus is greater when capacities are 

chosen simultaneously than when the private firm is the leader in capacities; if b<0.7091 the result 

is reversed. The producer surplus has a greater effect on social welfare than the consumer surplus 

and, as a result, social welfare is greater when capacities are chosen sequentially rather than 

simultaneously ( SL WW >  and SF WW > ).  

 

 From Lemma 2 the following result is obtained. 

 

Proposition 4. In equilibrium, capacities are decided sequentially.10 

 

 Lemma 2 shows that the private firm obtains greater profits when capacities are chosen 

sequentially rather than simultaneously, independently on whether this firm is the leader or the 

follower in capacities. On the other hand, social welfare is greater when capacities are chosen 

sequentially rather than simultaneously, independently on whether the public firm is the leader or 

the follower in capacities. As a result, proposition 4 concludes that capacities are decided 

sequentially and, thus, there are two equilibria: in one of them the private firm is the leader in 

capacities and, in the other, the public firm.  

 

 It is easy to see that FL
11 ππ > if and only if b>0.8946 and that LF WW > . Therefore, the 

public firm prefers the sequential equilibrium in which the public firm is the follower in capacities. 

However, the private firm wants to be the leader only if b>0.8946. For the remaining values of 

parameter b the private firm prefers to be the follower. It can be shown that 
LFLF WW 11 ππ −>−  if and only if b<0.8946; thus, the government can give the private firm a 

payment great enough to achieve that this firm become the leader in capacities. As a result, both 

                                                 
10 The same result is obtained when products are complements.  
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the private firm and the public firm are better in the equilibrium in which the private firm is the 

leader in capacities.  

 

4 Conclusions 

 

 The literature that analyzes the capacity choice of firms in a mixed market considers that the 

order of moves in which private firms and public firms take decisions (either sequentially or 

simultaneously) is exogenously given. However, a sequential order of moves may give rise to 

significantly different results from those obtained in a simultaneous game. Thus, in contrast to the 

assumption made by this literature, in this paper we endogenize the order of moves in a mixed 

duopoly with capacity choice under price competition, when price decisions can be taken either 

sequentially or simultaneously and when capacity decisions can be taken either sequentially or 

simultaneously. 

 

We show that, for a given capacity level, both firms want to behave as leaders in prices since 

the greatest profit of the private firm and the greatest social welfare are obtained in that case. 

Thus, both firms choose prices simultaneously and, as a result, we analyze three cases. In the first 

one, capacity decisions are taken simultaneously and it is obtained that the public (private) firm 

chooses over (under) capacity. In the second one, the public firm decides its capacity before the 

private firm obtaining that the public firm chooses over-capacity if and only if products are low 

substitutes (b<0.8050) and the private firm chooses under-capacity. Finally, in the third one, the 

private firm decides its capacity before the public firm and it is obtained that both firms choose 

over-capacity. These results are in contrast to those obtained in the literature that analyzes a 

mixed duopoly in which firms producing a homogeneous good compete in quantities. Unlike this 

literature we obtain that the private firm can choose under capacity and that the public firm can 

choose over capacity. 

 

In spite of prices are chosen simultaneously we show that capacities are decided sequentially. 

Therefore, there are two equilibria: in one of them the public firm is the leader in capacities and, in 

the other, the follower. However, in the second equilibrium social welfare is greater than in the 
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first one. Therefore, the public firm prefers to be the follower in capacities. The private firm wants 

to be the leader only if products are high substitutes. When products are low substitutes the 

private firm prefers to be the follower. We obtain that the government can give the private firm a 

payment great enough to achieve that the private firm become leader in capacities when products 

are low substitutes. In this last case, both the private firm and the public firm are better in the 

equilibrium in which the private firm is leader in capacities.  
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Appendix  

 

1. Price decisions  

 

 First case: firms set prices simultaneously. The profit of the private firm, SP
1π , and social 

welfare, WSP, are:  

 

+−−−
+−

= )2()3()((
)512(

1 222
2421 bbma

bb
SPπ +−−−− )3)(2)(3)((4 21

2 bxxbbma  
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1

8642 xbbbb +−+− . 
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 Second case: the public firm is the leader in prices and the private firm the follower. In the 

fourth stage, given the production capacities chosen by firms in the second stage, the private firm 

chooses the price, p1, that maximizes its profit. Solving, we obtain the reaction function in prices 

of the private firm (expression (6)). 

 

 The public firm chooses the price, p2, that maximizes social welfare knowing the reaction 

function of its rival and taking advantage of this knowledge. Solving this problem we obtain: 

 
=LPp2 +−−+−−++−− 1

2
2

42432 )7(2)68(4)317732(( xbbxbbbbbba  

/))23916)(1( 32 bbbbm +−−+ )52948( 42 bb +− , 

=FPp1 ++−−−−−−−− 1
42

2
2222 )46(4)3)(4(2)3)(4)(3(( xbbxbbbbbba  

))812)(1( 432 bbbbm ++−+ )52948/( 42 bb +− . 

 

 Substituting the above prices in (2) and (3) we obtain the profit of the private firm, LP
1π , and 

social welfare, WLP: 

 

+−−−−
+−

= )2()4()3()((
)52948(

1 22222
2421 bbbma

bb
FPπ ))2()4(4( 222 bb −−  

−−+−−− ))6())(3)(3(( 12221 xbxbxmabxxb ))2525496116321152( 2
1

8642 xbbbb +−+− , 

 

+++−−−
+−

= )4141031()((
)52948(2

1 4322
42

bbbbma
bb

W LP  

−−−+++−−− ))25)(3()28516)(((4 1
2

2
432 xbbxbbbbma  

)).51718(2)25(8)31316(2 422
1

2
12

422
2 bbxbxbxbbx +−−−−+−  

 

 Third case: the private firm is the leader in prices and the public firm the follower. In the fourth 

stage of the game, given the production capacities chosen by firms in the second stage, the public 

firm chooses the price, p2, that maximizes social welfare. Solving, we obtain the reaction function 

in prices of the public firm (expression (5)). 
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 The private firm chooses the price, p1, that maximizes its profit knowing the reaction function 

of its rival and taking advantage of this knowledge. Solving this problem we obtain: 

 
=FPp2 +−−+−−−+−− 1

2
2

42432 )1(6)512(2)37324(( xbbxbbbbbba  

/))35312( 432 bbbbm +−−+ ))3(12( 2b− , 

)3(12
)999()1(18)9(2)3)(3(

2

32
1

2
2

22

1 b
bbbmxbxbbbba

p LP

−
−−++−−−−−+

= . 

 
 Substituting the above prices in (2) and (3) we obtain the profit of the private firm, LP

1π , and 

social welfare, WFP: 
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=π , 
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)3(288

1 654322
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W FP  

−−+−++−− )()31890243135432(4 2
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2
642 )54189216(4 xbbb  

++− 2
1

42 )71827(36 xbb )3045(12 42 bb +− )).2)3)((( 21 bxbmax −−−  

 

2. Proof of Lemma 1 

 

 In the third stage, firms decide whether to set prices sequential or simultaneously. Comparing 

the prices set by the private and public firms in the three cases, we obtain: 

 

=− SPLP pp 11
2

1
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β
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3

1
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where )62)3)((( 121 xbxbma +−−−=β , 1β >0 to assure that the firms produce a positive 

output level; )512)(3(12 422
2 bbb +−−=β  and )52948)(512( 4242

3 bbbb +−+−=β . Thus: 

SPLP pp 11 − >0, FPSP pp 11 − >0, 022 >− SPFP pp  and 022 >− LPSP pp  since b∈(0, 1). Therefore: 

LPp1 > SPp1 > FPp1  and LPSPFP ppp 222 >> . 

 

 Comparing the profits obtained by the private firm in the three cases, we obtain: 

 

,
)(

)146196)(2)(3)(1()(
2

3

64222222
1

11 β
β

ππ
bbbbbbbFPSP −+−−−−

=−  

)512(2
)()5(

42
2

2
1

224

11 bb
bbSPLP

+−
−

=−
β

β
ππ , 

 

where FPSP
11 ππ − >0 and SPLP ππ −1 >0 since b ∈ (0, 1). Therefore: LP

1π > SP
1π > FP

1π .  

 

 Comparing the social welfare obtained in the three cases, we obtain: 

 

2
2

2
1

642222

) (2
) )(105172)(3)(5(

β
βbbbbbb

WW FPSP ++−+−
=− , 

)512(2
) ()3()1(

42
3

2
1

22222

bb
bbb

WW SPLP

+−
−−

=−
β

β
, 

 

where FPSP WW − >0 and SPLP WW − >0 since b∈(0, 1). Therefore: LPW > SPW > FPW .  

 

3. Firms decide their capacities simultaneously 

 

 In the second stage, given (7), the private firm chooses the capacity, x1, that maximizes its 

profit and the public firm chooses the capacity, x2, that maximizes social welfare. Solving these 

problems we obtain: 
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)241310231524( 765432
42 bbbbbbbx S +−−++−−= β ,  

)2)(1(6 2
41 bbx S −−= β , where 86424 6233824

)(
bbbb

ma
+−+−

−
=β . 

 

 From (1), (6) and the above expressions we obtain: 

 

)5914201824( 765432
42 bbbbbbbq S +−−++−−= β , )512)(1( 42

41 bbbq S +−−= β , 

)3)(1()1( 22
422 bbbbqx SS −+−=− β , )1)(1( 22

411 bbbqx SS +−−=− β ,  

 

where SS qx 22 − >0 and SS qx 11 − <0 since b∈(0, 1). 

 

 The profit of the private firm and social welfare are: 

 

)10498472)(2()1()( 8642222
41 bbbbbbS +−+−−−= βπ , 

2
)( 2

4β
=SW −++−− 432 2571188423348641008( bbbb ++− 765 113616391930 bbb  

).232035114192434682 15141312111098 bbbbbbbb +−−++−−  

 

4. The public firm decides its capacity before the private firm does 

 

 In the second stage, given (7), the private firm chooses the capacity, x1, that maximizes its 

profit. Solving this problem we obtain the reaction function in capacities of the private firm 

(expression (8)). The public firm chooses the capacity, x2, that maximizes its profit knowing the 

reaction function of its rival and taking advantage of this knowledge. Solving this problem and 

substituting in (8) we obtain: 

 

52 β=Lx +−−++−− 65432 2459229539122376360012961728( bbbbbb  

          )21433992394319871264 151413121110987 bbbbbbbbb +−−++−−+ , 
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)10498472)(2)(1(6 86422
51 bbbbbbx F +−+−−−= β , 

where 
)1613267022514754628848961728(

)(
1614121086425

bbbbbbbb
ma

+−+−+−+−
−

=β .  

 

 From (1), (7) and the above expressions we obtain: 

 

52 β=Lq +−−++−− 65432 2048270635042784345614401728( bbbbbb  

      )15191131595117491502 151413121110987 bbbbbbbbb +−−++−−+ , 
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522 bbbbbbbbqx LL −+−+−−−=− β , 

)10498472)(1)(1( 864222
511 bbbbbbbqx FF +−+−++−=− β . 

 

 It is easy to see that FF qx 11 − <0 since b ∈ (0, 1). On the other hand, LL qx 22 − >0 if 0<b<b*, 

b* ≈0.8050. It easy to see that the sign{ LL qx 22 − }= 

sign{ 108642 11479712048 bbbbb −+−+− }. This last expression is positive for b=0 and 

negative for b=1. Besides: =
∂

−+−+−∂
b

bbbbb )11479712048( 108642

 

9753 1088282388240 bbbbb −+−+− <0 since b ∈ (0, 1). Therefore, there exists a value of 

parameter b, b*, such that LL qx 22 − >0 if 0< b<b*, where b* ≈0.8050. 

 

 The profit of the private firm and social welfare are: 

 

38642222
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5. The private firm decides its capacity before the public firm does 
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 In the second stage, given (7), the public firm chooses the capacity, x2, that maximizes social 
welfare. Solving this problem we obtain the reaction function in capacities of the public firm given 
by (9). The private firm chooses the capacity, x1, that maximizes its profit knowing the reaction 
function of its rival and taking advantage of this knowledge. Solving this problem and substituting 
in (9) we obtain: 
 

−−++−−+= 65432
62 876687172488221124321152( bbbbbbx F β  

)11147184301308 1413121110987 bbbbbbbb −++−−++ , 
2422
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bbbbbbbb
ma
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−

=β .  

 
 From (1), (7) and the above expressions we obtain: 
 

−−++−−+= 65432
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622 bbbbbbbbqx FF +−+−−−+=− β , 

)36)(512)(1()1( 42422
611 bbbbbbbqx LL +−+−−+=− β . 

 
where LL qx 11 − >0 and LL qx 22 − >0 since b ∈ (0, 1). 
 
 The profit of the private firm and social welfare are: 
 

2422
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6. Proof of Lemma 2 
 
 Comparing the profit obtained by the private firm in the three cases we obtain: 
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where: 011 >− SF xx , SL xx 11 − >0, SF xx 22 − <0, SL xx 22 − <0, 022 >− SF ππ , 022 >− SL ππ , 

011 <− FS ππ , 011 >− SL ππ , 0>− SL WW  and 0<− FS WW  since b∈ (0, 1). 

 
 By computing the consumer surplus in the three cases considered, it can be seen that: 
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where SF CSCS − >0 if and only if b<0.7092 and SL CSCS − <0 since b∈(0, 1). 
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