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Abstract

This work analyzes wage negotiation between firms and unions when cross-participation exists at
ownership level. We consider two shareholders and two firms: one firm is jointly owned by the two
shareholders and the other is owned by only one shareholder. Labor is unionized and firms produce
substitute products. We show that partial ownership increases the bargaining strength of the firm owned
by only one shareholder. Thus, in relation with the case in which each firm is owned by a single
shareholder partial ownership reduces the wage paid by firms and the output of industry and therefore, the
employment. It increases the utility of the union that negotiates with the firm owned by the two
shareholders but reduces the utility of the other union and the aggregated utility of the two unions. Under
partial ownership, the firm that is jointly owned by the two shareholders obtains greater profit. The other

firm can increase or reduce its profit depending on the degree in which goods are substitutes.
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1. Introduction

The factors that affect wage negotiations between firms and unions have been
extensvely sudied by the literature on wage bargaining.! However, the theoreticd
andyds on this issue has not condgdered how patid ownership of firms influences
wage bargaining between firms and unions. In this regard, the literature that analyzes
patid ownership of firms usudly assumes tha production costs are exogenoudy given
(see, for example, Mdueg, 1992; Reitman, 1994). However, labor cods are by far the
greatest component of costs in most corporations (see Bhagat et al., 1990). Therefore, it
is important to assume explicitly a unionized labor snce cross-ownership affects the

bargaining pogtion of firms and, thus, ther profit.

The literature on wage bargaining has andyzed different factors that increase
the bargaining drength of both firms and unions. From the unions sde, it is wel known
that centrdized barganing (firms negotiate with independent unions a the firm levd)
reults in higher wages than decentrdized bargaining (each firm bargains with an
indugtry-wide union) since the bargaining drength of the workers is greater. Under
centrdized bargaining, when the union bargans wages with one firm it has as
disagreement payoff the rents obtained in the other firm, which increases the bargaining
srength of the workers (see Horn and Wolinsky, 1988; Davidson, 1988). Dobson
(1994) shows that when wage bargaining is centrdized a the industry leve, the union
gans barganing firg with the firm that is in a relatively wesk bargaining postion or a
firm with rdaively large profits He points out that, in some indudries draegic
movements come from the union: the industry-wide union targets one firm with which
it will negotiate fird. The agreement is then used as the bass for future negotiations
with other firmsin the indudtry.

From the firms dde, Bé&cena-Ruiz and Garzon (2000) show that the decison of
merging by firms together with the reorganization of production decisons, may dlow

! See for example, See Malcomson (1987), Farber (1986), Oswald (1985) and McDonald and Solow
(1981).



employers to decresse union rents® The decison of merging by firms sdting a
multiproduct firm with two divisons increases its bargaining drength snce when the
head of the multiproduct firm negotiates wages with the union of one divison, its
disagreement payoff is the profit of the other divison when the fird one does not

produce.

In this paper we want to sudy another factor thet influences on the bargaining
drength of both firms and unions. the exisence of cross-participation a ownership
levd.> We find this andyss quite rdevant since in the literature that andyzes wage
negotiations it is generdly consdered that each firm is owned by a different shareholder
(see, for example, Dobson, 1994; Davidson, 1988). On the other hand, the literature that

studies partid ownership usualy assumes exogenous production costs.

The issue we andyze in this work can be illustrated by taking the automobile
industry as an example. In this indudtry there are examples of partid ownership of
rivas. One illudraive example is given by the French firm Renault, which crested an
dliance with the Japanese firm Nissan. Actudly, Renault owns a 44.3% equity steke in
Nissan Motor and Nissan Motor has a 15% stake in Renault (see www.renault.com).
Besdes, in the automobile industry in advanced countries firms negotiagte wages with
the workers representatives. We set our mode in this context.

We condgder in our paper that there are two firms that produce subdtitutes
products. There are two shareholders, and one firm is jointly owned by the two

% |t is usually argued that if a multiplant firm centralizes the wage negotiation its bargaining power
increases, since when its head bargains the wage with the workers of one plant, it has as disagreement
payoff the profits obtained in the other plants of the firm (see, Heywood and Peoples, 1994 or Mezzetti
and Dinopoulos, 1991).

3 An explanation of why partial ownership arrangements are formed can be seen in Alley (1997). One of
the reasons is that it alters the degree of competition in the industry (see, for example, Reynolds and
Snapp, 1986; Farrell and Shapiro, 1990; Malueg, 1992; Reitman, 1994).

4 Bargaining structures in developed countries differ. In E.U. countries, in general, collective agreements
are concluded between the relevant union and employers' association of an industry on aregional basis
(see Layard et al., 1991; Addison and Siebert, 1993). In Japan, wages are negotiated simultaneously in the
‘Spring offensive’ and the basic structure of the Japanese labor union is mostly enterprise-based
organization (see Sasgjima, 1993).



shareholders while the other is owned by only one of them. The only factor of
production is labor and dl workers are unionized. There is an independent union in each
firm. To determine the wage set in each firm, we congder the “right-to-manage’ modd
of Nickdl and Andrews (1983) where union and firms bargain over a uniform wage rate
while the employment is set unilaterdly by the firms.

We show that partiad ownership reduces the wage paid by both firms, the output
of industry and therefore, the employment. Under partid ownership one of the
shareholders owns completely one firm and has part of the shares in the other firm. This
shareholder has a postive disagreement payoff when bargaining with the union of the
firm in which he is the ange owner. And it is wdl known that the greater the
disagreement payoff the stronger the bargaining position and the lower the wage paid by
the firm. However, this shareholder takes into account how the wage pad by to the
workers of the firm in which he is the sngle owner affects the profits of the other firm.
This second effect weekens the bargaining postion of the shareholder. We show that
the first effect dominates the second effect and thus, compared with the case in which
eech firm is owned by a single shareholder, partid ownership increases the bargaining
drength of the shareholder that has an invesment in the two firms. Therefore, the firm
owned only by one shareholder pays lower wages. And, as wages are drategic
complements, if one firm pays a lower wage, the other firm pays a lower wage too.
Besides, cross-ownership increeses the utility of the union that bargains with the firm
owned by the two shareholders but reduces the utility of the other union and the
aggregated utility of the two unions. Under patia ownership, the firm tha is jointly
owned by the two shareholders obtains greater profit than if each firm is owned by a
gngle shareholder. The other firm can obtain a grester or lower profit depending on the
degreein which goods are subgtitutes.

The rest of the paper is organized as follows. Section 2 describes the genera
features of the model and Section 3 presents the results. Findly, Section 4 derives some

conclusions.



2. Themode

We consder a market consiging of two firms denoted by 1 and 2, that produce
imperfect subgtitutes goods. Both firms have identicd technology and face a linear
demand:

pi=a-g—-bq,i?;i,j=12,

where p; is the price of firm i and q;, is the output level of firm i. We assume that the
goods are subgtitutes so that G=b=1; parameter b measures the degree to which products

are subgtitutes.

The only factor used in the production process is labor. Technology exhibits
congtant return to scde such that g = L. Each firm hires L; workers with a uniform
wage w;. All workers are unionized and there is an independent union in each firm. The
unions seek to maximize the wage hill and the utility function of the union of firm i
(union i) is Uj(w;, Lj) = wil;, i=1, 2. We consder a variant of the “right-to-manage’
modd of Nickdl and Andrews (1983) where union and firms bargan over a uniform
wage rate while the employment is set unilaterdly by the firms.

There are two shareholders denoted by A and B. Firm 1 is owned by shareholder
A while firm 2 is jointly owned by the two shareholders, though shareholder B owns the
mgority of shares in firm 2. We denote by a, a<l/2, the percentage of shares that
shareholder A owns in firm 2. Therefore, the objective function of shareholders A and B,
repectively, are: pa= p1 + a pz and ps = (1 — a) pz. Theprdfit of firm i isgivenby p; =

(pi —wWi) g, 1 = 1, 2, where w; isthe wage paid to the workers of thisfirm

The timing of the game is the fdlowing. In the fird dage, unions and firms
negotiate the wage smultaneoudy and in the second stage firms owners take output
decisons. We solve the game by backward induction to get a subgame perfect Nash
equilibrium.



3. Reaults

In the second stage, shareholders smultaneoudy choose the output leve that
maximize ther objective functions. Solving, we obtain the Cournot-Nash equilibrium
output (and therefore, employment) levels and firms and shareholders profits, as a

function of wage rates:

_2(a-w)-bl+a)a-wy) _2(a-w)-b@-w) 1)
ql - 2 1 2 — 2 1
4-b2(1+a) 4- b2(1+a)

Subdtituting (1) in the profit of the firms, we obtain:

oy = (2(a- wy)- bl+a)(a- w))((a- w)(2- b%a)- b(d- a)(a- w))
(4- b2(1+a))? ’

2

5, = (2@ wZ)Z- ba- 2@))2 |

(4- be(1+a))

In the fird stage, unions bargan dmultaneoudy the wage with firms owners.
The disagreement payoff of shareholder A, when bargaining the wage with union 1, is
pogtive since this shareholder owns a podtive percentage of the shares in firm 2 If the
union 1 goes on drike shareholder A gets a percentage of firm 2's profits snce union 2
does not go on drike. The disagreement payoff of shareholder A is the part that obtains
in firm 2's profits operating this firm as a monopolist, denoted as Da. It is easy to see

_ _a(a- w,)? . . .
thet: DA—T. The dissgreement payoff of each union is zero since we

condder independent unions a firm leved. The solution to the bargaining problem
between shareholder A and union 1 isthen given by.

wi(Wz) = arg max [p1 + apz — Da] [wa aul, (©))

W1



where p1, p2 and q; are given by (1) and (2), respectively. The disagreement payoff of
shareholder B is zero snce only owns shares in firm 2. The bargaining problem for
shareholder Bis:

wa(w1) = arg max [(1—a) pz] [W2 gz], (4)
W2

where p, and @, are given by (1) and (2), respectively. Solving (3) and (4) we get the
reaction function in wages:

_a(2- bL+a))+bl+a)w,  _ a(2- b)+bw,
"= 8 T

()

As usud, wages are drategic complements, which means that if one firm pays a
greater (lower) wage the other firm reacts by paying a grester (lower) wage too. From
(5) we obtain the following result.

Lemma 1 When there is cross-participation at ownership level, the wage paid to the
workers, the output and employment levels of the firms, the profit of the firms and the

utility of the unions are:

4, _3@6- b(6+b)(I+a)) | _a(l6- 6b- b’(1+a))

: 64- b%(L+a) 2 64- b’(1+a)
o =L, = 6a(16- b(6+h)1+a)) =Ly = 6a(l6- 6b- b%(l+a))
P (ea- pPara)@- pXra)’ 0 7 (64- b2(1+a))(4- b2(1+a))

_ 36a%(16- b(6+b)(1+a))(16+ 2b(5a - 3) - b*(1+7a)- b'a(1+a))
P1 (64- b?(1+a))?(4- b*(Ll+a))? ’

_ _ 36a°(16- 6b- b*(1+a))?
(64- b*(1+a))?(4- b’(1+a))?’

P2

_ 6a’(16- b(6+b)(1+a))? _ 6a’(16- 6b- b2(1+a))?
U1 = 2 2 2 Uz = 2 2 2 '
(64- b%(1+a))?(4- b%(1+a)) (64- b%(1+a))%(4- b%(1+a))

We consder as a benchmark the case in which there is no partiad ownership.

This happens when parameter a is equa to zero. In that case, there is not cross-



ownership and each firm is owned by a snge shareholder. The results obtained in this
case are that of Lemma 1 subdtituting a by zero. We shdl denote the results obtained in

this case without subscripts.

Lemma 2. When each firm is owned by an only shareholder, the wage paid to the
workers of each firm, the output and employment levels of each firm, the profit of each

firm and the utility of each unionis.

_(@2-ba __ . _  6a _ 36a° _ 6(2- b)a?
w=—+— qg=L= P = y U=—~— 7
8-b (2 +b)(8- b) (2+b)%(8- b)? (2 +b)(8- b)?

From Lemmas 1 and 2 it is easy to obtain the following result:

Propostion 1. In equilibrium:

1) W>Wo> Wy

i) =L2>g=L>qu=L1, 2L=20>u+ Qo=L1+L;
i) Up>U>U4, 2U>U; 1+ Uo.

Propogtion 1 shows that w>w.>w;. There are two effects that explain this
result> First, only shareholder A has a postive disagreement payoff when negotiate the
wage with his union (disagreement payoff effect). Thus, when negotiate the wage with
its union the bargaining postion of shareholder A is stronger than that of shareholder B.
And it is wel known that the grester the dissgreement payoff the stronger the
bargaining postion and the lower wage paid by the firm. The second effect is due to the
fact that shareholder A takes into account how the wage paid by firm 1 affects the
profits of fim 2 (bargaining effect). This effect weskens the bargaining postion of
shareholder A. This is due to the fact that the greater the wage paid by firm 1, the lower
the market share of this firm and thus the grester the market share and profits of firm 2.

The objective function of shareholder A, taking into account the disagreement
payoff, when bargain the wage of firm 1 is p;+ap,—Da. This can be rewritten as pi1—
(Da—apz). Therefore, if we interpret (Da—apy) as the disagreement payoff of shareholder

° As we are considering independent unions, these effects come only from the firms’ side not from the

unions’ side.



A when bargain the wage with union 1, it is easy to see which of the two effects
dominate. As we have seen, Dp is the profit of firm 2 when this firm is a monopolig in
the product market while p, is the profit of firm 2 acting as a duopolist. Thus, Da is
greater than pp, and therefore, (Da—apz) is podtive. As a reault, the firsd effect

dominates the second effect and firm 1 pays alower wage than firm 2 (wo>wy).

It is easy to see from Lemma 1 that the higher the value of parameter a the lower

___6ab*(8+h) co Mw _  48ab(b+8)
(64- b2(1+a))?  fla  (64- b’(1+a))?

<0).

the wages paid by firms (?Nz =
a

Beddes, the difference between the wages of the two firms increese with a

(‘ﬂ(wz -w) _ 6ab(64- b?)

g = 5 5 >(0). The greater the percentage of the shares that
a (64- b(1+a))

shareholder A owns in firm 2, the lower the wages paid by the two firms and the grester
the difference between the wages paid by the two firms.

When each firm is owned by a sangle shareholder neither of the two effects
exids. Given tha wages are drategic complements and that the disagreement payoff
effect dominaes the bargaining effect, under partid ownership both firms pay a lower
wage than when each firm is owned by asngle shareholder (w>w,>wy)

Given that w>w,>w; we obtain that gy=L>>g=L>qg1=L;. Thisresult is due to the
fact that under patid ownership firm 1 pays a lower wage than firm 2; thus, the firs
firm obtains greater market share and hires more workers at the expense of the other
firm. When there is no cross-ownership the output and employment level of the firms is
between that obtained under patid ownership (and this adthough the wage pays by
firms is the greater). We aso obtain that the output of firm 1 decreases with a while the
output of firm 2 increases with a.® Therefore, the higher the vaue of parameter a the

o fon __6ab(1536 - 82b+32b°(1+a)- (6b%+b°)1+a)?)
Ta (256 - 68b2(L+a) +b*(1+a)?)? '

flop _ 6ab®(832 - 408b- (32b° - 12b°)(1+a)+b*(1+a)?) -0
fla (256 - 68b2 (1+a) +b*(1+a)?)? '




higher the difference of the outputs will be. Besides, cross-ownership decreases the
output of the industry and therefore, the employment: 2L=2g> L1+ L= cp+ .’

Regarding the utility obtained by unions we get tha U,>U>U;. Therefore,
patid ownership increases the utility of the union that belongs to the firm owned by the
two shareholders but reduces the utility of the union of the other firm. The firm owned
by only one shareholder pays the lower wage (w>w.>w;) and hires the lower
employment (Lo>L>L;) and thus the utility obtained by its union is the lower possible
The rivd firm pays an intermediate wage and hires the grester employment which
implies that its union obtans the greater utility. Beddes, it can be shown that
2U>U1+Uy; therefore, cross-ownership reduces the aggregated utility obtained by the
two unions. This is due to the fact that under cross-ownership both firms pay lower

wages and tota employment is lower.

Let b the value of parameter b such that p1=p,, and b~ the value of parameter b
such that py=p. It has to be noted that both b and b™" depend of parameter a (see
Appendix). By comparing the profits of the firms with and without cross-ownership we
obtain the following result thet isillusrated in Figure 1.

Propostion 2. In equilibrium:

1) P202> PG> P11, P+ P2>2p,

i) p13 p2>pif and only if bEb’,

iii) po>p:3 pifandonlyif b’ <bfb™,
iv) p2>p>py if and only if b " <b.

Proof. See Appendix

[INSERT FIGURE 1 AROUND HERE]

" The fact that cross-ownership reduces market competition and thus the output of industry is a well

known result (see, for example, Malueg, 1992).
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We have seen in proposition 1 that d2>0g> 0z, which implies that p202>po>p10:.
It is shown in the gppendix that p1>p2>p; therefore, the preceding result depends mainly
on the market share obtained by firms.

It is easy to see that if there is no wage bargaining and thus production costs are
exogenous. p2>p>pr and po+pi>2p. In this case, firm 2 obtains greater profit a the
expense of firm 1. Shareholder A tries to reduce market competition by reducing the
output level of firm 1 because he takes into account how the output levd of firm 1
affects the profit of firm 2. As a result the profit of industry is grester under cross
ownership. Proposition 2 shows that when production cods are endogenoudy
determined the profit of industry is greater under cross-ownership; in that case, firm 1
can obtain greater profit than firm 2. This lagt result depends on the degree in which
goods are subgtitutes.

To explain the result shown in this propodtion it has to be noted that the utility
obtained by unions are the production costs of the firms. And we have seen that firm 2
obtains the greater incomes and has the greater production costs and that firm 1 obtains
the lower incomes and has the lower production costs (p202> pg>p101 and Ux>U>Uy).

Proposition 2 shows that firm 2 obtans grester profit under partid ownership
(p2>p for dl b). This result, as when production costs are exogenoudy given, is due to
the reduction in the competition in the product market caused by partid ownership of
firms. As we have seen, this benefits firm 2, the firm tha is jointly owned by the two
ghareholders. In the reminder cases, the result obtained can be different than when

production costs are exogenous.

When parameter b is grest enough >b"), it is obtained that firm 1 gets lower
profits under cross-ownership (p>p1). In this case, as parameter b is great enough
competition in the product market is strong and the result is due to the market share
(and thus to the income) obtained by firms: the firm that obtains grester market share
obtains greater profits, and firm 1 obtains grester market share when there is no patid
ownership. However, when b<b™" the lower production costs of firm 1 under partid

ownership make this firm to obtain greater profits (p1> p).

11



Fndly, when the degree to which goods are substitutes is low enough P£b), it
is obtained that under cross-ownership firm 1 obtains greater profits than firm 2 (13 p2).
In this case, as parameter b is low enough compstition in the product market is weak
and firm 1 obtains grester profit than firm 2 due to its lower production costs. When
b>b’, firm 2 obtains greater profits (p2> p1) dueto its grester market share,

4. Conclusons

The literature on wege bargaining between firms and unions has sudied
different factors that affect the bargaining strength of both negotiators, but it has not
consdered how partid ownership of firms affects wage negotiation In this paper, we
have andyzed wage negotiations when one firm is jointly owned by the two
shareholders and the other is owned by only one shareholder. We have compared this
casewith that in which each firm is owned by a sngle shareholder.

The results obtained show that partid ownership reduces the wage paid by both
firms, the output of industry and therefore, the employment. Besides, it increases the
utility of the union that bargains with the firm owned by the two shareholders but
reduces the utility of the other union due to this firm owned by only one shareholder
pays the lower wage and hires the lower employment. We show that cross-ownership
dfects the barganing podtion of firms and, thus, their profit. The firm that is jointly
owned by the two shareholders obtains greater profit than when each firm is owned by a
angle shareholder. The profit of the other firm depends on the degree in which goods

are subgtitutes.

One possble extenson of this paper would be to consder industry wide unions.

We left thisissue for future work.
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Appendix

Proof of Proposition 2.

We prove firsthat p,>p,>p.

) p- P, = 3fa(1' b)ba4 ~>0, sincebl [0,1] and a <L/2.
256- 68b%(L+a)+b*(1+a)
2 ) 2 3 A
i) p,- p= 6ab“a (44- 10b+b”(1+a)+b’(1+a)) >0, sincebl [0,1] and a<1/2.

(16+6b- b?)(256- 68b*(1+a)+b*(1+a)?)
Therefore, p;>p,>p.

Next we provethat p,3 p, if b=b". It can be proved that:

36a%ba (64 +160%(L+a) +b*(L+a)?- 60b(2+a) +6b3(2+ 3 +a 2))
(256- 68b%(1+a) +b*(1+a)?)?

P1-pP2=

The denominator of this expresson is podtive. We have to anayze the sgn of

the numerator. Let denote D, as:.

D, = (64+160%(1+a) +b*(1+a)?- 60b(2+a)+6b3(2+3 +a ?)).

Then:

% =32b(1+a)+4b°(1+a)” - 60(2+a) +18b°(2+3a +a ?),

2
T2 - s@a+a) +30%@+a)2 + 2+ 3 +a ) >0,
b

Therefore, D, is drictly concave in b. On the other hand, if b=0 we obtain that

D,=64>0, while tha if b=1 we obtan that D; =-27- 24a +7a2 <0. Then, there

13



exists a value of parameter b, denoted by b" (0<b’<1), such thet if b<b” we obtain that
D1>0, whilethet if b>b* we obtain that D;<0. Asaresult, p,3 p, if b=b"-

It is easy to see that if a=0 we get that p,= p, for b*=0.6055, whilethet if a=1/2
we get that p,= p, for b*=0.4812. Asaresult, 0.4812<b*<0.6055.

Next, we prove that p,® p," b:

P, - p = (36a%% (52- 6b- b?- b%a)(512- 136b* + 2b* -
84b%a - 6b%a +3b*a +b*a?))/ (8- b)?(2+b)?(64- b?- b%a)?(4- b?- b%a)?).

The denominator is podtive and the numerator is podtive Snce
(52- 6b- b% - b%a)>0 and (512- 136b2 + 20* - 84b%a - 6b% +3b% +b%a?)>0,
" bl [0,1] and al (0, 1/2).

Next, we provethat p,3 p if b=b"". It iseasy to check that:

p,- p =(36a’ba (16384 +8192b- 21760b* - 2688b° +4944b* +168b° -
1360° - 2b” + b® - 15360ba - 7424b% + 2560b%a +4944b‘a +616b°a -
204b% - 11b’a +2b% +1536b% 2 +1408b%a ? +352b°%a ? - 68b°%a ?- 10b’a 2 +
bfa? - b'a®))/((8- b)?(2+b)%(64- b? - b%)?(4- b’ - b%a)?).

The denominator of this expresson is podtive. We have to andyze the sgn of

the numerator. Let denote D, as;

D, = (16384 +81920 - 21760b” - 2688b° +4944b* +1680b° - 1360° - 2b” + b® -

15360ba - 7424b%a + 2560b°a + 4944b%a +616b% - 204b°a - 11b‘a +2b% +
1536b% % +1408b%a ? +352b°a 2- 6802 - 10b’a® +b% 2- b'a?®).

This expression can be rewritten as:

14



D, = (16384 +8192b- 217600 - 2688b° + 4944b* +168b° - 136b° - 2b” +b®) -
b(15360 + 7424b - 2560b% - 4944b* - 616b* +204b° +11b° - 2b")a +

b3(1536 +1408b +352b? - 68b* - 10b* +b°)a?- b'a .

The firg and the third terms are pogtive while the second and the fourth terms
are negative. It can be proved that if b=0.9 the first term is higher than the second one,
while the third term is higher than the fourth one. It remains to see what happen if

b>0.9. In order to analyze this, we check whether D, increases or decreaseswith b:

. _ 2(4096- 21760b- 4032b® +9888b° +420b* - 408b°- 7b® +4b”) -

(15360 +14848b - 7680b? - 19776b° - 3080b* +1224b° + 77b° - 16b")a +

2b?(2304 + 2816b + 880b? - 204b*- 35b* +4b°)a ? - 7b%a °.

If b>0.9, both the fird as second terms are negative. The third term is pogtive
and the fourth term is negdtive. It easy to see that the first term is higher than the second
if b>0.9. Asaresult, D, decreases with b. When b=0.9 we obtain that:

_ 744180661741 - 1447651405548a +221089479021a 2 . 47829690a 3 S

)
108

0.

If b=1, we obtain that: D, =5103- 14877a +321% 2 - a3, and this expression
can be poditive or negdive, its 9gn depends on the vdue of parameter a. It can prove
that this expression is pogtive if and only if a <0.3731. Therefore, there exidts a vaue
of the parameter b denoted by b™ (0.9<b"*<1), such that if b<b™ it is obtained that
D,>0, whileif b>b™* itisobtained that D,<0. Therefore, p,® p if b=b"".

It is easy to see that if a =1/2, then D,=0 for b=0.9316; as aresult, O<b™*<1. As
b" is such that 0.4812<b"<0.6055, then b*<b**.
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It remains to compare p;+p,>2p. We get the following result:

P, +pP, - 2p =36a°ba ((16384 +34816b- 24832b* - 10272b° +5760b” +
408b° - 1480° - 4b” +b®) - 2b(7680+3712b +1160b? - 2568b° - 514b* +
108b° +80° - b")a +b3(1536 +1408b + 48807 - 68b° - 14b* +

b’)a?- 2b‘a®)/((16+6b- b%)?(256- 68b*(1+a) +b*(1+a)?)?).

The denominator of this expresson is podtive. To obtan the sgn of the
numerator, it can be proved that both the first as third terms are pogtive while both the
second as fourth terms are negative. Besides, the firgt term is higher than the second one

and the third term is higher than the fourth one. Therefore, p,+p,-2p>0.
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Figure 1. Illugtration of proposition 2.
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